Introduction
Many smart materials, including ferroelectrics and shape memory alloys ͑below the martensite finish temperature, M f ), have a noncubic crystal structure. The simplest of these structures is tetragonal, but other structures such as rhombohedral and orthorhombic exist in technologically useful ferroelectrics with chemical compositions near a morphotropic phase boundary. A significant feature of these materials is that they exhibit irreversible deformation through a switching mechanism, e.g., a tetragonal variant oriented in the x direction can switch its orientation to the y direction. In shape memory alloys below M f this switching is termed twinning and detwinning or twin reorientation. In all cases this type of switching, when it is induced by applied mechanical stress, is called ferroelasticity.
An interesting feature of ferroelastic deformation is that there exists an asymmetry in the uniaxial tension and uniaxial compression behavior ͓1-3͔. In general, larger irreversible strains can be attained in tension than in compression ͑for the common case when the c-axis of the unit cell is longer and the a-axes͒. Consider a single crystal of tetragonal material. Assume that this crystal consists of equal quantities of three tetragonal variants as illustrated in Fig. 1͑a͒ , i.e. one third of the crystal has the c axis aligned in the x direction, one third in the y, and one third in the z. Within the crystal the variant types are divided into domains, with each domain separated by a domain wall or twin boundary ͑the terminology used depends on the material in consideration͒. If we assume that the strain state of a variant with its c axis aligned in the x, y, and z directions are given as xx ϭ 0 , Ϫ 0 /2,Ϫ 0 /2, yy ϭϪ 0 /2, 0 ,Ϫ 0 /2 and zz ϭϪ 0 /2,Ϫ 0 /2, 0 respectively, then the initial volume averaged strain of the entire crystal vanishes. Now, apply a tensile stress in the x direction. This stress will do positive work if the variants aligned in the y and z directions switch their orientations towards the x direction.
Generally, the mechanism for switching is the motion of domain walls/twin boundaries. Switching will proceed until all of the variants are aligned in the x direction, leaving the crystal with a strain of xx ϭ 0 , yy ϭϪ 0 /2 and zz ϭϪ 0 /2. Now, if we apply a compressive stress in the x direction, the stress will be able to do positive work if the variants oriented in the x direction switch to either the y or z directions. Furthermore, the amount of work done by either of these switches is identical. In general, the exact switching sequence will depend on the geometry of the domain walls; however, if the crystal is large enough it is reasonable to expect that the final state of the crystal will have half of its variants aligned in the y direction and half in the z. Therefore, in compression the averaged strain state of the crystal is xx ϭϪ 0 /2, yy ϭ 0 /4, and zz ϭ 0 /4. Hence, for the single crystal loaded along any of its ͗100͘ directions the maximum irreversible tensile strain is 0 and the maximum compressive strain is Ϫ 0 /2, as illustrated in Fig. 1͑b͒ .
This observation has led some researchers to propose a saturation condition for ferroelastic polycrystals based on a minimum principal remanent strain criterion ͓4 -6͔; namely, that the minimum principal remanent strain in the material can never be less than Ϫ 0 /2. This criterion leads to a tension-compression asymmetry ratio of 2:1 for the polycrystal loaded in any direction. More sophisticated models that treat the polycrystal as an aggregate of single crystals have found this asymmetry ratio to be about 1.37:1 ͓7-9͔. Such a model will be used in this work to investigate the entire range of strain saturation conditions. For example, what is the maximum value of pure shear remanent strain that can be achieved? After the presentation of the micromechanical simulations a phenomenological model for ferroelasticity will be developed and compared to predictions from the micromechanical model.
Micromechanical Computations
The micromechanical model for the polycrystalline behavior implemented here is identical to the model presented in Ref. ͓10͔ without the effects of electric field. Furthermore, this model is analogous to the Hill-Hutchinson model ͓11-15͔ for polycrystal plasticity. The fundamental components to this model are a tangent constitutive law for the single crystals and a self-consistent averaging method to predict the properties of the polycrystal.
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Each single crystal has a unique orientation and is treated as a spherical inclusion embedded in an infinite matrix. The tangent properties of the matrix are taken to be a self-consistent average of the incremental behavior of all of the single crystals. Hence, a stress or strain history can be applied to the polycrystal and the model can be used to determine the corresponding strain or stress history.
The single crystal constitutive law is analogous to continuum slip plasticity models with the added effect of strain saturation. In order to derive the single crystal constitutive law it is assumed that the stress within the single crystal is uniform and both the total strain and the remanent strain are the volume averages over the entire crystal. Note that by assuming the stress within the single crystal is uniform, we are neglecting elastic interactions between domains in the crystal. As illustrated in Fig. 1͑a͒ , three tetragonal variants can exist in each single crystal. Hence, the strain, remanent strain, and elastic compliance of the single crystal are where c I represents the volume concentration of the Ith variant. Then, the remanent strains of each of the variants are given by
where the 1, 2, and 3 coordinate directions are parallel to the ͗100͘ crystal directions, ␦ i j is the Kronecker delta, and 0 has the same meaning as that for the discussion in the Introduction, and can be given in terms of the lattice parameters as 0 ϭ2(c Ϫa)/(cϩ2a). With these definitions of the remanent strains for the individual variants, the remanent strain of the entire crystal will be zero if there are equal volume concentrations of each of the variants. In order to determine how the volume concentrations of the variants can change with applied loading, we will first consider the free energy of the crystal. Under isothermal conditions, the Helmholtz free energy of the single crystal, ⌿ sc , is equal to the stored elastic energy of the crystal and is given as Note that the elastic compliance of the crystal, and hence the elastic stiffness, are allowed to change as the volume concentrations of the variants changes. The dissipation rate in the single crystal is given as the work rate due to applied stresses minus the free energy rate. By applying the previously stated assumptions and an appropriate Legendre transformation, the dissipation rate can be shown to be
Note that six different switching transformations are possible, i.e., each of the three variants can switch to the other two. Furthermore, if a transformation is occurring, then the volume concentrations of the variants being switched to and from increase and decrease, respectively, at exactly the same rates. By applying these facts, it is then possible to rewrite the dissipation rate and define the transformation driving forces, G ␣ , as
(2.5)
Here, ␣ numbers the six possible transformation systems and the ⌬ represents the difference in the following quantity between the variant being transformed to and that being transformed from. For example, take ␣ϭ1 to represent the transformation from variant 1 to variant 2. Then,
this is a pure shear strain͒, ⌬s i jkl ␣ϭ1 ϭs i jkl (Iϭ2) Ϫs i jkl (Iϭ1) and the volume concentration rates are ċ (Iϭ1) ϭϪ ḟ (␣ϭ1) and ċ (Iϭ2) ϭ ḟ (␣ϭ1) . Note that in general s i jkl (Iϭ1) and s i jkl (Iϭ2) will be different due to differences in the orientations of the c axis of each variant.
It is assumed that if a quantity of a given variant exists, i.e., c I Ͼ0, then it is possible to incrementally switch that variant into one of the other two variants. Furthermore, this switching between variants is assumed to occur only if such a transformation results in a characteristic rate of nonnegative dissipation. Specifically, a transformation system is potentially active if
and the transformation system is inactive if
If we neglect changes in the elastic properties, then the physical interpretation of Eq. ͑2.6͒ is as follows; when the resolved shear stress on a transformation system reaches the critical resolved shear stress, 0 , then transformation is allowed to occur on that system. Note that if the volume fraction of a given variant vanishes, then the transformation systems that reduce the quantity of that variant cannot be activated. This feature enables the model to account for strain saturation at the single crystal level. In the absence of hardening of the transformation systems, i.e., 0 remains fixed during switching, the single crystal constitutive law requires the following inputs: the elastic properties of a single tetragonal variant, the critical resolved shear stress to induce transformation 0 , and the lattice parameters of a tetragonal variant that determine 0 . From Eqs. ͑2.1͒-͑2.7͒ it is a mathematical exercise to determine the transformation rates, ḟ ␣ , in terms of the applied strain rates, and then forms for the single crystal tangent moduli follow. This procedure will not be given here, but it is presented clearly in Ref. ͓10͔ . The resulting uniaxial stress-strain response of the single crystal loaded in any one of the ͗100͘ directions is given in Fig. 1͑b͒ . Note however, that the single crystal response is anisotropic, and loading along other directions will yield different behaviors. For example, uniaxial stress applied in any of the ͗111͘ directions does not create a driving force on any of the transformation systems, and hence ͗111͘ loading will result in a perfectly linear elastic response of the crystal.
Using the single crystal constitutive law described above, a self-consistent model is applied to compute the overall stressstrain behavior for a polycrystal. For conceptual simplicity the polycrystal is viewed as an infinite collection of randomly oriented single crystals subjected to homogenous states of stress and strain. The Cartesian components of the macroscopic stress and strain increments of the polycrystal are taken to be the volume averages of the Cartesian components of the corresponding stress and strain increments in the single crystals. Each individual single crystal region is modeled as a spherical inclusion embedded in an infinite effective medium matrix. The tangent stiffness of the effective medium is taken to be that of the polycrystal. Since neighboring grains are not modeled explicitly, the constraint interactions between grains are not determined directly in this model. Instead, each grain is constrained by the effective medium matrix, and in this sense the model accounts for grain-to-grain constraints in an averaged sense. Ultimately, the stress and strain state in each single grain will depend on the applied loading history and the orientation of the crystal. For more details of both the single crystal constitutive law and the self-consistent averaging method the reader is referred to Refs. ͓10-15͔.
Note that in Eqs. ͑2.1͒-͑2.5͒ the quantities i j sc , i j sc , and i j r,sc were used to represent stress, strain, and remanent strain in a single crystal. Throughout the remainder of this paper, i j , i j , and i j r will be used to represent stress, strain, and remanent strain in a polycrystal. To isolate the behavior of the polycrystal saturation, the elastic properties of a single tetragonal variant were taken to be isotropic in this study, with shear modulus and Poisson's ratio . Then, a dimensional analysis of the governing equations implies that the predictions of the model for the normalized stresses i j / 0 versus the normalized strains i j / 0 will only depend on the dimensionless parameters 0 / 0 and . The goal of this investigation is to map out the saturation conditions for remanent strain states between axisymmetric extension and axisymmetric contraction. To do this the following remanent strain invariants are introduced: Here e i j r is the remanent strain deviator, e i j r ϭ i j r Ϫ␦ i j kk r /3. Of course, since the deformation processes of the single crystals are volume conserving, recall that the transformation strains are pure shears and therefore kk r ϭ0; we have e i j r ϭ i j r and the introduction of the remanent strain deviator appears to be unnecessary. However, the theory presented in the next section will require derivatives of these invariants, and the derivatives will be affected by this distinction. With the definition of these two invariants, a full range of remanent strain saturation states can be probed by allowing the ratio of J 3 e /J 2 e to vary from Ϫ1 ͑axisymmetric contraction͒ to 0 ͑pure shear͒ to 1 ͑axisymmetric extension͒. If we consider any volume conserving remanent strain in the principal directions, then the remanent strain tensor and J 3 e /J 2 e can be written as
where b can be any arbitrary constant. In other words, every multiaxial volume conserving remanent strain state can be described by the ratio of these two invariants, and this ratio will always lie in the range Ϫ1рJ 3 e /J 2 e р1. Next, consider the problem of finding the saturation conditions for a pure shear remanent strain. At first, one might attempt to find this condition by applying a pure shear stress or pure shear total strain to the model polycrystalline material. However, as will be shown, such a procedure will not produce a pure shear remanent strain state. Due to the material's ability to deform more in tension than in compression, the ratio of J 3 e /J 2 e will approach 1 as an applied pure shear stress is increased. Therefore, it is necessary to devise a more sophisticated scheme for probing the range of J 3 e /J 2 e . Within the self-consistent model, the tangent moduli of the polycrystal, c i jkl t , are computed at each increment in the loading process. This knowledge of the instantaneous tangent moduli allows for the adjustment of the loading path in applied stress space, such that the ratio J 3 e /J 2 e remains constant during the entire load excursion. More specifically, by manipulating the relationships
the appropriate stress or strain increments that are required to maintain a constant ratio of J 3 e /J 2 e during loading can be determined.
Figure 2 plots a set of results for the normalized effective stress, e / 0 , versus the normalized effective remanent strain, J 2 e / 0 , for the dimensionless material ratios of 0 / 0 ϭ2.36 and ϭ0.22. Note that the effective stress is defined as
, where s i j ϭ i j Ϫ 1 3
Each plot on Fig. 2 represent a different loading path that was prescribed in such a way that the ratio of the remanent strain invariants, J 3 e /J 2 e , remained constant throughout the loading. The
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Transactions of the ASME inset contains an expanded view of the region excluded from the main graph. Note that a material with a switching ͑yield͒ surface described solely by the stress invariant e and a hardening behavior dependent only on the remanent strain invariant J 2 e would have curves on this graph that are independent of the ratio J 3 e /J 2 e . At small remanent strains, i j r Ͻ0.15 0 , the saturation behavior of the single crystals has not fully developed and has little effect on these stress-strain curves. In fact, the differences in the curves appearing on the inset figure arise primarily due to the fact that the switching surface for the model material follows a Tresca criterion ͓15͔. As the remanent strain continues to increase, the saturation behavior of the single crystals begins to have an effect on the polycrystal, with the stress having to increase dramatically in order to cause further remanent straining. Ultimately, for each load path J 2 approaches some limiting value. The saturation values range from 0.40 0 for axisymmetric contraction to 0.55 0 for axisymmetric extension. These values are in agreement with other models with similar transformation system switching criteria, but less sophisticated polycrystalline averaging techniques ͓7-9͔.
In order to illustrate the effects of the dimensionless ratio 0 / 0 ; Fig. 3 plots the normalized effective stress versus the normalized effective remanent strain in a uniaxial compression test for three values of 0 / 0 . Note that the curvature in the transition from J 2 -like deformation to saturation is larger as 0 / 0 decreases for these normalizations. Also note that the ultimate saturation level of remanent strain is the same for each level of 0 / 0 . The saturation strains are ultimately a function of the underlying crystal structure geometry; hence it is to be expected that the saturation levels of remanent strain are independent of the elastic properties of the material. In general, for any given untextured polycrystal, the saturation strain will depend only on the crystal structure of the variants, the switching criterion for the transformation systems, and the remanent strain invariant ratio J 3 e /J 2 e . Hence, the results for the saturation strain level to be presented in Fig. 4 are universally valid for tetragonal materials with the c axis longer than the a axis and transformation allowed at a critical resolved shear stress on the transformation system. Lastly, Fig. 4 plots the saturation strain values for the model polycrystalline material versus the remanent strain ratio J 3 e /J 2 e . This result is the key component from these micromechanical simulations that will be applied to the phenomenological theory for ferroelastic switching presented in the next section. Figure 4 illustrates the entire range of multiaxial remanent strain states that are possible in the model material. Specifically, the region below the curve represents strain states that are achievable, and the region above the curve consists of unattainable remanent strains. Again, the observations that the low remanent strain region is relatively independent of J 3 e /J 2 e , and the saturation levels of remanent strain are dependent on J 3 e /J 2 e will be used to devise a phenomenological constitutive law for these materials in the next section.
Phenomenological Model for a Polycrystalline Material
The phenomenological model follows the general formulation developed for ferroelectric materials developed in Ref. ͓6͔ . Here we will focus only on purely ferroelastic behavior. Hence this model applies to unpoled ferroelectric materials loaded only by applied stress and not by electric field. The model also applies to twin reorientation in shape memory alloys below the martensite finish temperature. The model will be cast within an isothermal, rate independent, small deformation framework. The primary assumption of the model is that the internal state of the material can be entirely characterized by the remanent, i.e., irreversible, strain state of the material i j r . Hence, we introduce the Helmholtz free energy per unit volume of the polycrystalline material, ⌿, as
Here, ⌿ s represents the stored elastic energy per unit volume, i j are the components of the total strain, and ⌿ r represents a contribution to the free energy associated only with the internal state of the material. The following development of the phenomenological theory will demonstrate that ⌿ r gives rise to ''back stresses.'' It is generally accepted ͓16 -18͔ that the physical mechanism for back stresses is the existence of residual stresses in the material due to inhomogeneous remanent/plastic strain from grain to grain, i.e., ''locked-in'' energy ͓18͔. Therefore, the physical interpretation of ⌿ r is that it accounts for the stored energy due to the internal residual stresses in the material.
Note that the elastic properties of the material can depend on the remanent strain state. For example, an initially unpoled ferroelectric will be elastically isotropic since the crystal variants with tetragonal elastic properties are randomly oriented. However, if this material is strained in tension in the x direction, most of the variants will align in the x direction and the elastic properties will now be transversely isotropic about the x direction. Then, assuming linear elastic behavior about a fixed remanent strain state, the stored free energy can be written as
Here c i jkl are the components of the elastic stiffness tensor that can depend on the remanent strain components i j r . The second law of thermodynamics implies that the dissipation rate ⌬ must be non-negative, i.e.,
A Legendre transformation along with the following definitions:
‫ץ‬s pqrs ‫ץ‬ i j r pq rs , (3.4) 6) are used to show that Eq. ͑3.3͒ can be written as
Note that the s i jkl are the components of the elastic compliance tensor, where the elastic compliance is the inverse of the elastic stiffness, i.e., s i jkl ϭ(c i jkl ) Ϫ1 . Now, assume that a switching surface ⌽( i j , i j r )ϭ0 exists in i j space such that switching can occur if the state i j is on the surface and the material response is elastic if the state i j lies within the surface. Stress states outside of the switching surface are forbidden. If the material abides by the postulate of maximum plastic dissipation, such that ( i j Ϫ i j *) i j r у0 for any stress state i j * on or within the switching surface and the stress state i j causes the remanent strain increment i j r , then the switching surface must be convex and the flow law for the remanent strain rate is associative. In other words, convexity implies that the Hessian ‫ץ‬ 2 ⌽/‫ץ‬ i j ‫ץ‬ kl is positive definite, and the associative flow rule implies that the remanent strain increment must be normal to the switching surface such that
Here, is a positive scalar multiplier that must be determined from the consistency condition. In addition to the convexity and normality constraints, the second law, Eq. ͑2.7͒, implies that the switching surface must enclose the origin in i j space.
Along with the following definitions (3.14) and the consistency condition ⌽ ϭ0, we can solve for the multiplier as
and then write the incremental constitutive equations as
(3.17)
The definitions outlined in Eqs. ͑3.9͒-͑3.14͒ serve two purposes. First, these definitions allow for a compact notation, and second, the new variables allow for a simple realization of the symmetry of the tangent moduli.
Fitting the Model to the Material
The material specific variables that need to be specified for this model include the dependence of the elastic properties on the remanent strain, the switching surface ⌽, and the remanent potential ⌿ r . For the sake of simplicity, we will assume that the elastic properties are isotropic and independent of the remanent strain from here on. As such, i j and U i jkl vanish. This assumption is in agreement with the self-consistent calculations since the individual crystallites were assumed to be elastically isotropic. However, real materials can exhibit significant anisotropy in their elastic properties and this assumption may need modification. Again, the emphasis of this work is to investigate the saturation behavior of these materials so this simplification is of secondary importance.
Due to the fact that the remanent strains arise due to the reorientation of the crystal variants it is reasonable to assume that the remanent strain is volume conserving, i.e., kk r ϭ0. Then the switching surface must be a function of invariants of the deviatoric stress, ŝ i j ϭ i j Ϫ␦ i j kk /3. In general, the switching surface can change both size and shape with continued remanent straining. However, again for the sake of simplicity, we will assume the simple J 2 form for the switching surface, such that
As noted in Sec. 2, the initial switching surface predicted by the self-consistent model follows the Tresca criterion. Furthermore, the switching surface will in general evolve into even more complex shapes than the Tresca hexagon ͓10,15͔. However, it will be shown that this additional complexity need not be added to the phenomenological model in order to capture the salient features of the deformation behavior of ferroelastic materials, and that the switching surface form of Eq. ͑4.1͒ is adequate. Finally, we must specify the form of the hardening potential ⌿ r . Of course, this potential must depend on the invariants of the remanent strain. Furthermore, to formally cause the back stress i j B to be purely deviatoric, we will write ⌿ r in terms of invariants of the remanent strain deviator, e i j r ϭ i j r Ϫ␦ i j kk r /3. Beyond this consideration, determining ⌿ r becomes a curve fitting exercise. However, this curve fitting must be done intelligently and should be informed by experimental observation and micromechanical models.
Recall that the remanent strain saturation behavior has a significant dependence on J 3 e . A first step to determining ⌿ r is to determine a reasonable fit to the saturation behavior. The saturation behavior depicted in Fig. 4 can be accurately determined in the following way. First, define a function f of the remanent strain invariant ratio J 3 e /J 2 e as f ͩ Note that this fit for f has first, second, fourth and fifth derivatives equal to zero at J 3 e /J 2 e ϭ0. The importance of these conditions on f at J 3 e /J 2 e ϭ0 will be discussed shortly. Also note that this is a function for materials with tetragonal crystal structure only. Finally, one divided by this function is able to fit the normalized results of Fig. 4 ͑with J 2 e normalized by c instead of 0 ) to within 0.04% accuracy for J 3 e /J 2 e Ͻ0 and 0.15% for J 3 e /J 2 e Ͼ0. Now, define a strainlike variable as
When the remanent strain level characterized by reaches the compressive saturation level, c , the remanent strain will be saturated, i.e., р c . Note that the micromechanical simulations described in Sec. 2 found that c ϭ0.4035 0 . Then Eqs. ͑4.2͒ and ͑4.3͒ imply that the effective saturation level of remanent strain in tension is t ϭ1.3679 c ϭ0.5520 0 , and if the remanent strain state is pure shear, then the saturation level is s ϭ1.1191 c ϭ0.4515 0 . Hence, when devising a functional form for ⌿ r , the back stresses must become large as approaches c .
The second significant observation from the self-consistent computations is that, discounting the Tresca nature of the initial switching surface, for small remanent strain levels the stress versus remanent strain behavior can be described solely by the strain invariant J 2 e , i.e., it is independent of J 3 e . This can be restated as: ⌿ r is only a function of J 2 e as approaches zero. Furthermore, it is reasonable to conclude that ⌿ r is a function of as approaches c . Hence, as part of this curve fitting procedure, a new strainlike variable is introduced,
where w is a weighting function that must be zero when ϭ0 and one when ϭ c . A simple method for generating steplike weight functions is to take wЈ( )ϭA p (1Ϫ ) q . For this study pϭ3, q ϭ5 and the functional form for w is
(4.13)
Note that Eq. ͑4.13͒ is the symmetric form of a similar expression appearing in Ref.
͓6͔. The apparent complexity of these expressions is unfortunate, but is a result of the simple assumption that the internal state of the material can be described using only the remanent strain as an internal variable. The utility of these expressions will be demonstrated when the theory is compared to the more detailed micromechanical model used in Sec. 2. Note that the back stresses and hardening moduli depend directly on the expressions in Eqs. ͑4.12͒ and ͑4.13͒. In order for the back stresses and hardening moduli to be finite, certain restrictions must be placed on f and its derivatives at J 3 e /J 2 e ϭ0. These conditions can be obtained by expanding f into a power series about zero and requiring the expressions in Eqs. ͑4.12͒ and ͑4.13͒ to be finite. Specifically,
, where f 0 n represents the nth derivative of f with respect to J 3 e /J 2 e at J 3 e /J 2 e ϭ0. These restrictions must be true for any f defining a strainlike variable that is used in the hardening potential. For example, Landis ͓6͔ assumed that saturation occurs when the minimum principal remanent strain reaches a critical value. The minimum principal remanent strain can be written as Note that the function in square brackets satisfies f 0 I ϭ f 0 II ϭ f 0 IV ϭ f 0 V ϭ0, and furthermore f 0 , f 0 III , f 0 VI 0. The ultimate test of this phenomenological theory is to compare it to experimental measurements on real materials. However, especially for ferroelastic ceramics, it is difficult to investigate the strain saturation behavior due to the large stresses required. The ceramic material tends to fracture at large stresses. Furthermore, as noted in Sec. 2, the stress paths required to generate tests like those presented in Fig. 2 are not simple, and require more information than is possible to obtain in a single experiment. Hence, the next best test of the theory is to compare it to the predictions of a more detailed micromechanical model. Figure 5 is just such a comparison.
On Fig. 5 the bold lines represent the predictions of the selfconsistent model and the thin lines are the predictions of the phenomenological theory for different proportional stress path loadings of the material. The parameters for the phenomenological theory were chosen to fit the uniaxial tension and compression data. On this graph are results for a uniaxial tension, uniaxial compression, and two other proportional stressing paths, including a pure shear stress test. The type of proportional loading path is characterized by the stress invariant ratio e /ͱ 3 9s i j s jk s ki /2, with Ϫ1, 0, and 1 corresponding to axisymmetric compression, pure shear stressing, and axisymmetric tension respectively. Other computations for stress invariant ratios of Ϫ0.5 and 0.5 were also performed, but not included on Fig. 5 in order to avoid clutter around the pure shear results. The comparison of the phenomenological theory to these results was favorable as well. Notice that the pure shear stress test is not equal to the J 3 e /J 2 e ϭ0 test of Fig. 2 . For a material with a J 2 switching surface and J 2 hardening potential, the pure shear stress and J 3 e /J 2 e ϭ0 tests would yield identical results. Note that the phenomenological theory predicts the saturation strain levels accurately. This is to be expected for the tension, compression, and in fact any of the proportional remanent strain path tests since the functional fit to the saturation behavior of Eqs. ͑4.2͒ and ͑4.3͒ has been used. However, the agreement of the model to the proportional stressing tests is a true prediction of the phenomenological theory. No parameters of the model have been adjusted in order to fit these micromechanical model tests. Furthermore, notice that even the computation with the constant stress invariant ratio of Ϫ0.8 ͑significant compressive stress͒ yields remanent strains that are more tensile than the remanent strain controlled test with J 3 e /J 2 e ϭ0.8. Note, of course, that the tensile remanent strain is not aligned with the compressive stress direction, but rather the direction with the largest stress deviator component. The phenomenological model is able to capture this behavior to reasonable accuracy. 
Discussion
In this work constitutive models for polycrystalline ferroelastic materials with an underlying tetragonal crystal structure have been investigated and developed. In Sec. 2 the self-consistent model of Huber et al. ͓10͔ was implemented to investigate the remanent strain saturation behavior of these materials. It was found that the saturation strain for axisymmetric extension was greater than the saturation strain for axisymmetric contraction by a factor of 1.37. Furthermore the entire range of remanent strain saturation states between axisymmetric extension and contraction were characterized using the remanent strain invariant ratio J 3 e /J 2 e . Equations ͑4.2͒ and ͑4.3͒ were proposed as an accurate fit for the derivation of the saturation curve presented in Fig. 4 .
In Sec. 3 a phenomenological constitutive framework for ferroelastic materials was proposed. The theory assumes that the internal state of the material can be characterized completely by the remanent strain. In other words, the remanent strain components are the internal variables that determine the elastic properties, the switching surface, and the nonlinear hardening of the material. The theory allows for the elastic properties of the material to change with remanent deformation, and accounts for these changes in a thermodynamically consistent fashion within the definition of the switching surface space. Convexity of the switching surface in a modified stress space and an associated flow rule for the remanent strain increments follow from assuming that the material obeys the postulate of maximum plastic dissipation. Equations ͑3.16͒ and ͑3.17͒ represent the general form for the incremental constitutive relations from the phenomenological theory.
Section 4 of the paper is devoted to determining functional forms for the switching surface and hardening potential. For the micromechanical calculations of Sec. 2, the crystallites were assumed to be elastically isotropic. Hence, the functional form for the elastic coefficients in the phenomenological model were also taken to be isotropic and independent of remanent strain. To maintain some simplicity, the switching surface was taken to be a sphere in the modified deviatoric stress space. It was noted that the initial switching surface for the self-consistent material actually follows a Tresca criterion. Furthermore, the previous studies of Hutchinson ͓15͔ and Huber et al. ͓10͔ have shown that the shape of the switching surface evolves in a nontrivial way with remanent deformation. However, these features were not investigated or accounted for in this paper. Such modifications are left for possible future work, but are expected to yield only incremental improvements in the predictions of the model.
The remanent potential ⌿ r was the last component requiring a fit for the phenomenological model. The primary role of the remanent potential in the phenomenological theory is to account for the complicated dependence of the saturation strain on the remanent strain. Hence the first requirement for ⌿ r is to define a strainlike variable that predicts the strain saturation behavior displayed in Fig. 4 . Such a variable is defined in Eq. ͑4.4͒ with the function f given by Eqs. ͑4.2͒ and ͑4.3͒. This variable, , must be less than some critical value c . Hence, as approaches c the remanent potential must grow without bound. Then, as a result of the observation from the micromechanical calculations that the initial deformation is essentially independent of J 3 e /J 2 e , a new strainlike variable, *, was introduced in Eq. ͑4.5͒. Due to the weighting function w * is close to J 2 e for small values of , and approaches as approaches c . Finally, the ultimate specification of ⌿ r requires a fit to a stress versus remanent strain curve. The likely candidates for this fit are either a uniaxial tension or compression curve. To summarize, three observations were used to specify ⌿ r . First, the function f was introduced to fit the saturation strain as a function of J 3 e /J 2 e , then w was implemented to fit the observation that small deformations are independent of J 3 e /J 2 e , and finally d⌿ r /d* was fit to a uniaxial stress versus remanent strain curve. Note that each of the functions introduced to fit specific behaviors is in no way connected to specified proportional stressing paths. For example, the loading path traversed to determine the strain saturation condition when J 3 e /J 2 e ϭ0 is not a pure shear loading path. In fact, the load path required to keep the remanent strain ratio equal to zero is not even constant. Initially, the loading path is pure shear stressing. Recall that pure shear is an extension in one direction and an equal contraction in an orthogonal direction. Since the material is able to extend more easily than it can contract, in order to maintain pure shear remanent strain the compressive load in the contraction direction must be greater than the than the tensile load in the extension direction as the strain approaches saturation. In fact, as saturation is approached with the remanent strain ratio remaining constant at J 3 e /J 2 e ϭ0, the applied stress approaches a uniaxial compression. Therefore, comparing the phenomenological model to the micromechanical model for different proportional stressing paths is a valid test of the phenomenological theory. Figure 5 is a comparison of the phenomenological theory to the self-consistent calculations, and the agreement is quite good.
Again, it is emphasized that the self-consistent computations performed in Sec. 2 and the results of that model are valid for materials with tetragonal crystal structure only. In order to investigate other crystal structures, like orthorhombic or rhombohedral, and the possibility of combinations of these with tetragonal domains, the single crystal constitutive law used in the selfconsistent model would need to be modified. However, the primary result that would be obtained from such calculations is a strain saturation curve like the one presented in Fig. 4 for tetragonal materials. Furthermore, simpler micromechanical models that do not account for grain to grain interactions can be used to obtain this strain saturation curve. Then, the only significant change to the phenomenological theory would be to the functional form of f defined in Eqs. ͑4.2͒ and ͑4.3͒.
The goal of this work was to understand the strain saturation behavior of ferroelastic materials and incorporate this information into a phenomenological constitutive theory. The phenomenological model is useful for structural stress analyses on systems containing ferroelastic materials. Such calculations will most likely be performed within a finite element framework. Hence, it is important that the constitutive response can be integrated rapidly. This consideration of computational speed rules out the more detailed self-consistent model, since any one curve ͑aside from the axisymmetric cases͒ on Figs. 2, 3 , or 5 requires a few days to compute, whereas the corresponding phenomenological theory requires a few seconds. Finally, while the phenomenological theory has been shown to be in good agreement with the more detailed micromechanical model, the ultimate test of this new constitutive law will be against careful multiaxial loading experiments.
